CHAPTER 1

Sets

11 of mathematics can be described with sets. This becomes more and

more apparent the deeper into mathematics you go. It will be apparent

in most of your upper level courses, and certainly in this course. The theory

of sets is a language that is perfectly suited to describing and explaining all
types of mathematical structures.

1.1 Introduction to Sets

A set is a collection of things. The things are called elements of the set. We
are mainly concerned with sets whose elements are mathematical entities,
such as numbers, points, functions, etc.

A set is often expressed by listing its elements between commas, enclosed
by braces. For example, the collection {2,4,6,8} is a set which has four
elements, the numbers 2,4,6 and 8. Some sets have infinitely many elements.
For example, consider the collection of all integers,

{...,-4,-3,-2,-1,0,1,2,3,4,...}.

Here the dots indicate a pattern of numbers that continues forever in both
the positive and negative directions. A set is called an infinite set if it has
infinitely many elements; otherwise it is called a finite set.

Two sets are equal if they contain exactly the same elements. Thus
{2,4,6,8} = {4,2,8,6} because even though they are listed in a different order,
the elements are identical; but {2,4,6,8} # {2,4,6,7}. Also

{..-4,-3,-2,-1,0,1,2,3,4...} ={0,-1,1,-2,2,-3,3,-4,4,...}.

We often let uppercase letters stand for sets. In discussing the set
{2,4,6,8} we might declare A = {2,4,6,8} and then use A to stand for {2,4,6,8}.
To express that 2 is an element of the set A, we write 2€ A, and read this as
“2is an element of A,” or “2isin A,” or just “2in A.” We alsohave4€ A, 6€ A
and 8€ A, but 5¢ A. We read this last expression as “5 is not an element of
A, or “5 not in A.” Expressions like 6,2 € A or 2,4,8 € A are used to indicate
that several things are in a set.



4 Sets

Some sets are so significant that we reserve special symbols for them.
The set of natural numbers (i.e., the positive whole numbers) is denoted
by N, that is,

N=1{1,2,3,4,5,6,7,...}.

The set of integers
z={...,-3,-2,-1,0,1,2,3,4,...}

is another fundamental set. The symbol R stands for the set of all real
numbers, a set that is undoubtedly familiar to you from calculus. Other
special sets will be listed later in this section.

Sets need not have just numbers as elements. The set B = {T,F} consists
of two letters, perhaps representing the values “true” and “false.” The set
C ={a,e,i,o,u} consists of the lowercase vowels in the English alphabet.
The set D = {(0,0),(1,0),(0,1),(1,1)} has as elements the four corner points
of a square on the x-y coordinate plane. Thus (0,0) € D, (1,0) € D, etc.,
but (1,2) ¢ D (for instance). It is even possible for a set to have other sets
as elements. Consider E = {1,{2,3},{2,4}}, which has three elements: the
number 1, the set {2,3} and the set {2,4}. Thus 1€ E and {2,3} € E and
{2,4} €E. But note that 2¢ E, 3¢ E and 4 ¢ E.

Consider the set M ={[39],[39],[1 9]} of three two-by-two matrices. We
have [ 9] € M, but [} 1] ¢ M. Letters can serve as symbols denoting a set’s
elements: Ifa=[J9], 6=[}9] and ¢ =[1 9], then M = {a,b,c}.

If X is a finite set, its cardinality or size is the number of elements
it has, and this number is denoted as |X|. Thus for the sets above, |A| =4,
IB|=2,|C|=5,|D|=4, |E|=3 and [M|=3.

There is a special set that, although small, plays a big role. The empty
set is the set {} that has no elements. We denote it as @, so @ = {}. Whenever
you see the symbol @, it stands for {}. Observe that |#|=0. The empty set
is the only set whose cardinality is zero.

Be careful in writing the empty set. Don’t write {#} when you mean @.
These sets can’t be equal because @ contains nothing while {@} contains
one thing, namely the empty set. If this is confusing, think of a set as a
box with things in it, so, for example, {2,4,6,8} is a “box” containing four
numbers. The empty set @ = {} is an empty box. By contrast, {#} is a box
with an empty box inside it. Obviously, there’s a difference: An empty box
is not the same as a box with an empty box inside it. Thus ¢ # {#}. (You
might also note || =0 and |{g}| =1 as additional evidence that ¢ # {®}.)
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This box analogy can help us think about sets. The set F = {@,{#},{{#}}}
may look strange but it is really very simple. Think of it as a box containing
three things: an empty box, a box containing an empty box, and a box
containing a box containing an empty box. Thus |F|=3. The set G = {N,z}
is a box containing two boxes, the box of natural numbers and the box of
integers. Thus |G| =

A special notation called set-builder notation is used to describe sets
that are too big or complex to list between braces. Consider the infinite set
of even integers E ={...,-6,-4,-2,0,2,4,6,...}. In set-builder notation this
set is written as

E-= {2n ‘ne Z}.

We read the first brace as “the set of all things of form,” and the colon as
“such that.” So the expression E = {2n : n € Z} reads as “E equals the set of
all things of form 2n, such that n is an element of Z.” The idea is that E
consists of all possible values of 2n, where n takes on all values in Z.

In general, a set X written with set-builder notation has the syntax

X = {expression :rule},

where the elements of X are understood to be all values of “expression” that
are specified by “rule.” For example, above E is the set of all values of the
expression 2n that satisfy the rule n € Z. There can be many ways to express
the same set. For example, E = {2n:n € Z} = {n : n is an even integer} =
{n:n=2k,k e€Z}. Another common way of writing it is

E={neZ:nis even},

read “E is the set of all n in Z such that n is even.” Some writers use a bar
instead of a colon; for example, E = {n € Z | n is even}. We use the colon.

Example 1.1 Here are some further illustrations of set-builder notation.

1. {n:nis a prime number}={2,3,5,7,11,13,17,...}
2. {neN:nisprime}=1{2,3,57,11,13,17,...}

3. {n?:nez}=1{0,1,4,9,16,25,...}

4. {xEIR x2-2= 0} {\/§,—\/§}

5. {xezZ:x>-2=0}=9¢

6. {xeZ:|xl<4}={-3,-2,-1,0,1,2,3}

7. {2x:xeZlxl<4}={-6,-4,-2,0,2,4,6}

8. {xez:|2x|<4}={-1,0,1}
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Items 6-8 above highlight a conflict of notation that we must always
be alert to. The expression |X| means absolute value if X is a number
and cardinality if X is a set. The distinction should always be clear from
context. Consider {x € Z: |x| <4} in Example 1.1 (6) above. Here x€ Z, so x
is a number (not a set), and thus the bars in |x| must mean absolute value,
not cardinality. On the other hand, suppose A = {{1,2},{3,4,5,6},{7}} and
B={XeA:|X|<3}. The elements of A are sets (not numbers), so the |X| in
the expression for B must mean cardinality. Therefore B = {{1,2},{7}}.

Example 1.2 Describe the set A ={7a+3b : a,b € Z}.

Solution: This set contains all numbers of form 7a + 3b, where a and b
are integers. Each such number 7a + 35 is an integer, so A contains only
integers. But which integers? If n is any integer, then n = 7n + 3(-2n), so
n="Ta+3b where a =n and b = —2n. Therefore n € A. We’ve now shown that
A contains only integers, and also that every integer is an element of A.
Consequently A =7Z.

We close this section with a summary of special sets. These are sets
that are so common that they are given special names and symbols.

* The empty set: ¢ ={}

*  The natural numbers: N={1,2,3,4,5,...}

* Theintegers: z={...,-3,-2,-1,0,1,2,3,4,5,...}

¢ The rational numbers: Q = {x tx= %, where m,n€Z and n # 0}
* The real numbers: R

We visualize the set R of real numbers as an infinitely long number line.

-4 -3 -2-1 0 1 2 3 4

Notice that Q is the set of all numbers in R that can be expressed as a
fraction of two integers. You may be aware that Q #R, as v2¢ Q but v2eR.
(If not, this point will be addressed in Chapter 6.)

In calculus you encountered intervals on the number line. Like R, these
too are infinite sets of numbers. Any two numbers a,b € R with a < b give
rise to various intervals. Graphically, they are represented by a darkened
segment on the number line between a and b. A solid circle at an endpoint
indicates that that number is included in the interval. A hollow circle
indicates a point that is not included in the interval.
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* Closed interval: [a,b] = {x€R:a < x < b} . 4
* Openinterval: (a,b)={xeR:a<x<b} 5 4
* Half-open interval: (a,b]={x€R:a<x<b} 5 3
* Half-open interval: [a,b) = {x€R:a <x < b} . 2
* Infinite interval: (a,00)={x€R:a <x} S >
* Infinite interval: [a,00)={x€R:a <x} . >
* Infinite interval: (-o0,b) = {x e R:x < b} « g
* Infinite interval: (-oo0,b] = {x e R:x < b} « l.)

Each of these intervals is an infinite set containing infinitely many
numbers as elements. For example, though its length is short, the interval
(0.1,0.2) contains infinitely many numbers, that is, all numbers between
0.1 and 0.2. It is an unfortunate notational accident that (a,b) can denote
both an open interval on the line and a point on the plane. The difference
is usually clear from context. In the next section we will see yet another
meaning of (a,b).

Exercises for Section 1.1
A. Write each of the following sets by listing their elements between braces.

1. {5x—1:x€7} 9. {xeR:sinmx =0}
2. {8x+2:x€7} 10. {xeR:cosx =1}
3. {xez:-2<sx<T} 11. {x€Z:|x| <5}

4, {xEN:—2<xS7} 12. {xEZ:I2x|<5}
5. {xeR:x%2=3} 13. {xeZ:|6x| <5}
6. {xeR:x%2=9} 14. {5x:x€7,|2x| <8}
7. {xeR:x%+5x=-6} 15. {5a+2b:a,beZ}
8. {xe[RZ:x3+5x2=—6x} 16. {6a+2b:a,beZ}

B. Write each of the following sets in set-builder notation.

17. {2,4,8,16,32,64,...} 23. {3,4,5,6,7,8}

18. {0,4,16,36,64,100,...} 24. {-4,-3,-2,-1,0,1,2}

19. {...,-6,-3,0,3,6,9,12,15,...} 25. {...,},1.3.1,2,48,...}

20. {...,-8,-3,2,7,12,17,...} 26. {. .,%,§,§,1,3,9,27,...}

21. {0,1,4,9,16,25,36,...} 27. {...,-n,-2,0,Z,m,3 27,32 ...}
22. {3,6,11,18,27,38,...} 28. {...,-3,-2,0,3,3,93, 159}
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